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Abstract. We point out that the very notion of space reflection is ill-defined when physical
states are defined on a fibre bundle describing a charge-Dirac monopole systern. In other
words, there is no Jift of the space reflection operator to the total space of such a non-trivial
bundle.

We construct a well defined transposition operator of two dyons on the non-trivial
two-dyon bundie; consequently, we can correctly define its action on local sections. It is
shown that symmetric wavefunctions defined on this bundle cannot be transformed into
antisymmetric ones by a gauge transformation, in contradiction to the well known statement
first pointed out in connection with the dyon spin problem.

1. Introduction

In the context of a trivial bundle, commonly used in physics, whose total space is
equivalent to B x F, the Cartesian product of the configuration space B with some
space F connected with some gauge degrees of freedom, there are no difficulties in
formulating how a space-symmetry operator acts on sections (wavefunctions). Thus,
states of a system defined on such a bundle correspond to global sections {X) (i.e.
yr: B> Bx F for which py is an identity on the base B, where p is the projection
B x F » B) which may be subjected to the same operations as ordinary wavefunctions.

But in the context of a system with a non-trivial bundle, i.e. one which can be
represented by a Cartesian product U, X F only over shrinkable regions U, of the
base B (but not over the whole of B), the states are not ordinary functions (see e.g.
{1, 2]). They are local sections. In our case when the gauge group is U(1} they are
local sections of a complex line bundle which we denote by LD. In an equivalent
description [3], physical states can be represented as ordinary functions ¥ defined on
the total space of the principal bundle D (with UJ(1) as fibre) associated with LD, and
satisfying the equivariant condition [4]

V(Zg) =g "W(Z) ZeD geU(1). (1)

So, to define a simple operator on the bundle, say the space panty operator, we
must ‘lift’ the operator {: X - — X defined on the base to an operator C defined on the
total space D. It is evident, at least mathematically, that 5 must be an automorphism
of the bundle, i.e. a mapping {:D>D preserving the bundle structure (the group U(1)
action),

{(Ze)=({(2g  VZeD. )

The non-existence of this lift f {which will be proved in section 2) leads to the

absence of the correct notion of ‘space parity’ for the states defined on this bundle,
and though it exists for the states globally defined on the base.
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Thus, in the case of non-trivial bundles, one must always solve the problem of
lifting. This same problem occurs in the construction of the dyon transposition operator
for the two-dyon system. We will show that symmetric wavefunctions cannot be
transformed into antisymmetric ones by a gauge transformation, in contradiction to
the well known statement of Goldhaber [5] on the dyon statistics problem.

2. Non-existence of a linear space reflection operator on the bundle attributed to a
Dirac monopole

Since we are working with monopole bundles, it is worth recalling some essential
features. The system of a Dirac monopole and a charge has two local Hamiltonians
{see e.g. [1]) due to the two choices of the monopole potential

0
A+(A+r =0, A+9 = 0, A+¢ =§tal‘l 5)

and

A_(A_, =0,A_,=0,A__,= 5 cot 5)
corresponding to the domains U =R\{x=y=0,z€[0,+x)} and U,=
R*\{x=y=0, ze (-0, 0]}. The transition from the wavefunction ¢, on U, to the
wavefunction ¢y_ on U_ is determined by the transition function

T, =expieup(r)}
where @(r) is the azimuthal angle of the vector r from the monopole to the charge.

Thus, a state of the system is described by a pair of functions (each has its own domain)
connected on the overlap U, n U. by the transition function T,_ given by
o=T, _=expieue(r))y_.

This means that we have a complex-line fibre bundle with the base B=R* {0} and
pairs of functions ¢, y_ connected by T, _, which make up a section of this bundle,
i.e. amap ¢, : R\{0}y .~ LD satisfying pi. =1 on the base (where p is the projection
of LD to the base). Alternatively, one can work with a principal fibre bundle D
associated with LD in which case the pairs ¢, and y_ are represented by complex
functions ¥ on D. The ingredients of this principal bundle are [4]:

(i) the total space D =C*\{0},

(ii) action U(1) on D: explie)(Z,, Z,) =(exp(ie)Z,, explie)Z,),

(iii) projection p of D to the base B is

" Z
p(2)=X X, =202, Z=( )
Z;
(iv) points (i-iii) are identical for all integer n=2eu, the distinction lies in the
choice of the class of functions ¥: D - C, which is defined by the equivariant condition
W(Z exp(ip), Z exp(—ig)) = exp(ing)¥(Z, Z).

All transformations of states in the system with 2ex = n must leave ¥ in the same
class, i.e. preserve its equivariance condition. If a transformation of ¥ is generated by
a diffeomorphism f of D, then (it is a simple exercise) perserving the equivariance
condition means that f is an automorphism of the bundle

f(Zg)y=f(Z)g ZeD ge U(1).
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For simplicity, let us examine the flbre bundle D for fixed r=ZZ. It is the well
known Hopf fibring §*— S2. If the lift { of the space reflection { existed, i.e. diagram
(3) commuted,

S3 { S3

1T

2 (4 52

then { would be a one-to-one mapping. Hence its degree (winding number), deg Fa
would be 1. Let us now prove that this cannot be negative, i.e. deg g #—1, Since {
has no fixed points, then ¢ cannot have them and consequently its Lefschetz number
(the algebraic number of fixed points) is Lef({) = 0. But the map J:S°> §°, defined
by J(X,, X2, X;, X} =(X,, - X,, ~X;5,—X,) with degJ=1, has two fixed points
(1,0,0,0) and (-1,0,¢, 0); so, 1ts Lefschetz number is Lef(J) 2. The difference of
Lefschetz numbers for J and x,’ convinces us that J and 4: cannot be in the same
homgtopy class and consequently have different degrees. So, the only possibility is
deg £ =1.

The degree of ¢ is (—1), so, to get deg f =], the restriction of f to the fibres must
have degree (—1) (the fibres are the orbits of the group U(1), oriented by its action).
But the last property contradicts condition {2} because (2) implies the conservation
of the orientation.

Hence the only possible way to lift { is by violating property (2). For instance, the
change of orientation can be realized by the condition

{(Zg)={(Z)g™" (4}
(ie. g’ is an ‘antiautomorphism’). The operator of this kind £(Z,,2)»(-2,,Z) is
well known [6]. Such { transforms n- equ1var1ant functions ¥ to (—n}-equivariant ones
(it is similar to CP), To restore n-equivariance one can conjugate ¥. Thus, on this
bundle the lift (corresponding to condition {4)) of space reflection combined with time
inversion T, which implies the conjugation of wavefunction, conserves the Schrédinger
equation., .

There is another way to see the non-existence of a lift { of the space reflection.
Assume that f exists, The commutative diagram (5) would then exist:

§'—"— 5%{

”l l"’ (5)

§2——— S*/{=RP".
A simple topological consideration shows, however that every principal U(1)-bundle
over RP? is trivial, and thus the bundle §°/ g" £ RP? carries a flat connection wg.
Therefore, the connection w = #*w, on the bundle is also flat. This contradicts the
non-triviality of the Hopf bundle §* % §2.

3. Transposition operator on the non-trivial two-dyon fibre bundle

For a long time the system consisting of a monopole and a charge (dyon) has been
an example of how a spin is generated by two-particle interaction, in particular, of
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how bosons can make up a fermion. The statistics problem of dyons was examined in
Goldhaber's well known work [3], referred to in many reviews and popular lectures
(see e.g. (7, 8]).

The monopole-charge system has a dynamical integral of motion J, whose com-
ponents satisfy the commutation relations of the su{2)-algebra. It is widely asserted
that through the monopole-charge interaction a spin n/2=eu (lowest j) state is
generated. If n/2 were a spin of the system, we would be able to solve a puzzle
connected with spin and statistics (when n is odd), i.e. to make a fermion from two
bosons (a spinless particle and a spinless Dirac monopole). Goldhaber [5] provided
the solution to this problem in his study of the behaviour of the two-dyon wavefunction
under transpositon. The puzzle is resolved by the following result. There are two
gauge-equivalent descriptions of the two-dyon system. In the first case with symmetric
wavefunctions ¢ and some Hamiltonian H, the dyons are regarded as bosons. In the
second one with antisymmetric wavefunctions ¢’ and a Hamiltonian H’, the dyons
are regarded (for n odd) as fermions. These descriptions are connected by a gauge
transformation.

However, the approach proposed in this work of Goldhaber does not take into
account that the system including Dirac monopoles does not have a global wavefunction
on the configuration space. (There are some configurations on which Hamiltonians
and corresponding Schrédinger equations considered in [5] are not defined—when
monopoles and charges are located along the Z-axis). The behaviour of a local function
under dyon transposition is not a reason for concluding that a quantum state is fermionic
or bosonic. The very possibility of obtaining a local function of arbitrary symmetricity
confirms this. Rather, the sections of a complex line bundle should be examined. Using
the correct approach, we consider the two-dyon bundle and construct the operator of
dyon transposition defined on this bundle. As a consequence, we conclude that the
behaviour of a section under dyon transpostion is a proper definition of the bosonic
and fermionic quantum states.

In the two-dyon case, in a natural way, one obtains 16 respective domains and
Hamiltonians corresponding to the choices A, and A_ for each of four variables (see
figure 1):

rLr=rRtR—R r,rm=ntR-R;.

The transition map between wavefunctions defined on different domains (local sections)
is a combination of the exp(2ieue); for instance,

Vo=V, expQie[¢(r,)+ @(r) —e(r)]).
Thus, the two-dyon bundle has the base
M2={(r, R\, r;, R)|r#0,r;#0,r,#0, r;, # 0}

Figure 1. Monopoles w1, 42 with radius-vectors R,, R, and spinless charged particles el,
£2 with r,, r, being vectors from respective monopoles to them.



Discrete symmetries of monopole bundles 903

and this base is covered by the 16 regions
{Ua!a =(:|::t:t:|:)}s Ua ={(rls R!v erRZ)E A4'2|"lE U:b! rlle U:ts rZE U:l:y )€ Ut}

with transition functions T, (In fact two of the regions, (+—+—) and (—+ —+), are
empty because of a linear dependence r,—r;=r;; —r;.)

Equivalently, instead of sections of the aforementioned complex line bundle (let
us denote it as LD?2), one makes use of functions on the total space of the associated
principal U(I)-fibre bundle D2, The states of the system are described either by 16
functions, each pair connected by the transition function T,z on the overlap of their
domains, or by a single fun¢tion defined on the total space D2 (and satisfying condition
(9).

The problem of determining the lift to D2 of an arbitrary element of the group
Dift( M2) of diffeomorphisms of the base M?2 is connected with the exact sequence

1 Auty(D2) — Aut(D2) 25 Diff(M2) (6)
where
Aut(D2}={f|f(ug)=f(u)g, ue D2, gc U(1)}. (N

Auty(D2) is the group of gauge transformations, i.e. the subgroup of the group Aut(D2)
consisting of elements f which project to the identity transformation on the base:
Psf =1 (the homomorphism p, is induced by the projection p: D2+ M2).

The dyon transposition operator is an automorphism 7 of the fibre bundle, satisfying
72 =1 which is the lift of the mapping

T:(rlsRl:rZ;RZ)‘)(rZsRerlxRl) (8)
defined on the base. If the iifi 7 for re Diff{ M 2] existed, then 7 wouid belong to
Aut(D2). Since we are interested in how T acts on local sections i of the line bundle

LD?2 or, equivalently, on functions ¥(u) defined on the principal bundle D2 which
satisfy the equivariance condition

V(ug) =g " (u) (9)

where ge U{1), ue D2 and ¢, (X) ={(a*¥ N X})=¥(s, (X)) for local sections &, in
D2, it is important to know how { acts over the regions U, which cover the base, It
is evident that 7: U, = U,-, where a* = (klij) if « = (ijkl). So, it is convenient to define
the automorphism 7 in the form

(g, X,)m_>(hmc()(c)gsxvc)ﬂr XCZ:(’Z)R25"I:R1)

r. R

~1.
23 S22t

where X =1{r. B
FrEs=a= o= L Bk & 4

One can show that the correspondence
(g’ X)a g (g$ Xc)a"

correctly defines an automorphism 7 € Aut([D2) which satisfies 7° =1 on the two-dyon
fibre bundle 2. Then

78 Xla=> (Toa (X8 X (10)
for X e U, ~ U,-. Therefore, on the sections

ﬁ!’a(X) = 'pa(Xc)Ta"a (XC)-
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For example, when a =(++++), a=a, T,, =1, one has
TWarr e (X} = 41 (X}
but when a =(+~++), one obtains
T (X )= exp(2iepnml@(r2) — ¢(r)D e (X5).
The symmetry condition 7¥ = ¥ of a global function over these regions has the form
P (X)) = (X) fora=(++4++4)
and

'ffﬂ(Xc) =explieuno(r,)—~ ﬁp(’zl)])f’t’ﬂ(x) forp=(+—-++).

When |R, - R,|~ 0, the right-hand side of the last equality tends to exp(2iep)
Yg(X)==p( X} for 2ex odd.

The transition from $, which satisfies $,{X")=¥.{X) 0 (X} which satisfies
(X )= —yy(X) was interpreted in [5] by saying that the dyons are fermions (for
2ep odd). Now we have different forms of the single symmetry condition 7¥ =¥ for
different local sections. In general, on a non-trivial fibre bundle, a global section can
be represented by symmetric and antisymmetric functions on the respective regions.
The M6bius band is the simplest example (see figure 2).

4 # - antisymmetric function on

the region

- symmetric function on the region

Figure 2. Antisymmetrical and symmetrical functions on two charts of a circle (the base
of the Mdbius band), which compose a global section.

Note that on a fibre bundle, the notion of being symmetric is properly formulated
with respect to an automorphism 7 The property 7V = ¥ is the definition of a symmetric
¥, and 7% = —¥ is the definition of an antisymmetric one. Hence, a symmetric global
function (when we pass to the language of local sections) can take an antisymmetric
form on certain regions. At first sight, this fact seemingly contradicts the Pauli principle
namely, that an antisymmetric function must be gequal to zero at r,=r;, B, =R, in
contrast to the behaviour of a symmetric one. But on the two-dyon fibre bundle this
is not a problem, since a symmetric wavefunction takes an antisymmetric local form
only when |R;, — Ry| > .

Let us now return to the assertion in [5] that a symmetric wavefunction of two
identical dyons can be converted by a gauge transformation into an antisymmetrical
form 'when n=2eu is odd. The exactness of the sequence (6) implies that if there
exists some lift on D2 of 7 defined on the base, then we have another exact sequence

i P,
1+ Aut, (D2)—5 E=—{l1,1}>1 (11)

where E denotes the subgroup of Aut(D2), which is the extension of the group
T={1,7} by Auty(D2). In addition, in order to satisfy the condition #*=1, the
homomorphism p, must have the right inverse s, p,s =1 (i.e. the exact sequence (11)
has to split). Let us prove that this condition is satisfied.
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It is evident that any lift 7 (7 =1ift(r)) satisfies 7> = a € Auty(D2), where a may
be regarded as a function on the base, @ = a(pu) = a{X) which follows from the fact
that U(1} is Abelian. The base of the two-dyon fibre bundle M2 can be represented
as the subset

M2= U {(Ry, R) X (R\[Ry, R:) X (R\[R,, R:})}
(R, Ry)eR" xR
of R*xR’xR’xR’. One can show that the set of homotopy classes of mappings
a1 (M2-U(1) is trivial. It follows that y = arg(«) is a function y. M2 - R for arbitrary
a(X). This fact is sufficient for the sequence (11) to split. Actually, let #=a(X)=
exp(iy(X)}, then using the associativity in E, one can obtain 7 exp{iy(X)})=
exp{iy(X))- 7 (i.e. ¥(X°)=y(X)). Let us define 7= 7 exp(~iy(X)/2). Then #*=1.

Having the operator 7 (#*=1), one can extract a symmetric and an antisymmetric
function on the total space D2, V_={V¥|7¥ =xWV¥}, which satisfy the equivariance
condition (9). Tt is evident that there is no gauge transformation (@ € Aut,{D}) from
any ¥, e Y, to ¥_c Y_ for in this case &~ '(X) would vanish on the whole set of fixed
points

Mo= U {(R R)xdiag(R*\{R})x (R*\{R})} = M2
(R.R)eR*xR®
of the involution 7 on the base M2.

In the spirit of Souriau [9], we can also view the distinction between fermion and
boson spaces as follows. If the particles are identical, the interchange operation (Z,)
acts on two-dyon space M1 = M2/M,. Saying that the two dyons are identical means
that the ‘true’ configuration space should be M1/Z, which is not simply connected:
m(M1/Z,)=2Z,. The action of Z, on the base lifts to the U(1) ‘prequantum’ bundle
in two different ways with the consequence that the non-simply connected M1/Z,
admits two distinct prequantizations corresponding to bosons and fermions.

Summarizing the above discussion, we can assert that the arguments in favour of
a gauge equivalence [ 5] of two descriptions of the dyon as a boson and as a fermion
are not correct in principle. There exist the well defined Hilbert spaces of boson and
fermion states. The non-trivial structure of the fibre bundle affects the definition of
the dyon transposition operator, but it does not affect the customary view. In the

R i~ namtinm marnhaonice tha ~hatca Af ctaticting ig talan fram avynarianca Ar
1YalliCwidin Ul quauu.uu meenanics, {ne Cnolice Of statistics is {a«ken rom CAPCTICIICC OF

it follows from relativistic quantum theory. The choice of the proper symmetricity of
a wavefunction on the two-dyon fibre bundle with a given ex may be completely
defined only in relativistic guantum theory in the context of an explicit construction
of multidyon fibre bundles.

Nevertheless, a quantum mechanical counter-argument to the statement ‘the dyon
is a fermion’ follows from the Zeeman effect in a weak field for the system formed by
a spinless charge and a spinless monopole [10]. The splitting for a dyon differs
significantly from the splitting of levels for an ordinary fermion.

In [11], the definition of a dyon permutation is in accordance with ours, but the
conclusions are different. The authors tried to reverse the statistics in another way (not
by a gauge transformation). Their methad is based on the independence of ]'y A(X) ds
(where A(X) is a connection) on the path y in the chart of an ‘asymptotic’ fibre bundle.
This independence is obtained by taking the surface S ‘bounded by paths v, and y,’
and integrating over it. But such a surface S does not exist, because by reducing U, .,
(it is that which was done in [10]} to the ‘asymptotic’ subset U, , .. as consisting of
the configurations with r,, < ry;, r;;, the authors lose the simple connectedness of
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the region. It is not difficult te prove in fact (see the appendix), that the double dyon
permutation (27 clockwise rotation, considered as a loap on ‘asymptotic’ configuration
space B®) is not contractible on U,..™ (see figure 3). It follows that the deformation
of this rotation in B* to the identity also includes configurations where the field F=dA4
cannot be neglected. That is why the dependence on the path is essential and a reversal
of statistics does not occur.

0 %x [29)

T—

Figure 3. (a) 2 clockwise rotation (it is a path in configuration space). (b} The pair of
curves (1., 2,) represents 27 rotation, the pair (1,4, 2;4)-identical path.

In a subsequent paper [12], Friedman and Sorkin investigated an asympfotic
spin-statistics theorem for dyons. They introduced an ‘asymptotic equivalence’ of
bundles and examined the statistics on the non-interacting dyons bundle which is
asymptotically equivalent to the bundle of interacting dyons. Such a transition to the
bundle of nen-interacting dyons differs from the standard one where the states of both
interacting and free particles are defined on the same (trivial) bundle.

In the case of interaction of a monopole and a charge, the product of their charges
is quantized and the space of wavefunctions corresponding to a topological charge n # 0

¥, ={W(Z,Z)|¥(Z e Ze )= ""W(Z, Z)}

is orthogonal to that for n =0 {absence of interaction) (see [13])
<‘Pru \I’()):j "Pg‘(z’ Z-)q’n(zaz)dv(zg 2) q’m‘FoE @%p
P pe

¥.e3, T,eJ,.

Remark. The equivariance condition W(Z e'*, Z e ') =¢ " W(Z, Z) implies in
particular that the functions of class 3, are defined on a bundle space which is
contracted to the 3D lens space L} This L? is quite different from R*\{0} which is the
domain of J,. For instance (L)) = Z,, * 7,(R’\{0}) = 7,(5%} = 0. So the domains of
3, and 3, are not simply non-equivalent bundles, they are different as topological
spaces!

Thus, the forgetting of the interaction between the monopole of one dyon and the
charge of another, is a transition to a quite different space of functions. That is why
the behaviour of asymptotic wavefunctions under a dyon permutation on the bundles
considered in [12] cannot be taken as a basis for a conclusion about dyon statistics.
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The example of space reflection shows how radically this transition can change the
properties with respect to a discrete transformation. There is no parity transformation
on 5,, but it does exist on 3¥,. So it is impossible to remove the interaction by some
continuous procedure. In contrast to the usual quantum mechanics (on trivial bundles),
this problem must be analysed directly for interacting dyons.
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Appendix. Proof of non-simple connectedness

Since dyons are regarded as being far from each other (at infinity) and their ‘internal
structure” is fixed, the configurations are determined by the position of the two dyons
on the sphere S$? at infinity. A path in the configuration space is a motion of the two
dyons on §7 hence it is represented by a pair of paths on S2. Let us suppose that there
exists a homotopy

B:10,27]%[0,1]> 5% x §2 %[0, 27]

which transforms the 27 clockwise rotation of dyons (represented by the pair of paths
shown on figure 3(a)) to the identity

h:(s,0)—> (27 rot(s), s)
h:(s,1)->(id(s), 5).

Let us consider the configuration C € §x 87, in which one of the dyons is located
exactly under the other one. This is the case when one of the vectors ry; and r;; has
coordinates (0, 0, z < 0) and, consequently, this configuration does not belong to the
chart U_, ., (by the definition of U, ), hence it does not belong to its subset U, ,, ™
Now we will show that the deformation of the 2+ rotation at the homotopy h contains

this configuration, i.e. there exist ¢, and s, such that
h(so, to) = (C, 50}

With this aim let us consider these pairs of paths as curves in the cross-product
§2x{0,2#]. Since it does not matter which dyon is under the other, it suffices to
consider D?*x [0, 27] where (D7 is obtained from S’ by identifying the points (x, y, z)
and (x,y, —z)e §% D*={(x,y)|(x, y, z) € §°}). A path in configuration space B* is
represented by pair of curves with initial points on D? x {0} and final points on D*x {27}
(figure 3(b})). Under the homotopy h the linked curves 1, and 2, must intersect to
become unlinked as 1;4 and 2;y. The intersection peint is C in the configuration space.
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